A relative category in the sense of Ljusternik-Schnirelmann is defined on index pairs. We apply this category to gradient-like flows and obtain some results in critical point theory.
pair from symplectic geometry and we obtain the best estimates for the number of rest points. (See Example 3.2. and 3.3.)
We need some basic results from Conley index theory which is presented in Section 2.
Then in Section 3, we define the concept of relative LS category with a little modification so that it can be applied to index pairs and yield some interesting results in critical point theory. These results can be extended to the noncompact case by following [11] .
Index pair
Definition. (a) Let ϕ t be a continuous flow on a metric space X. An isolated invariant set is a subset I ⊂ X which is the maximal invariant set in a compact neighborhood of itself. Such a neighborhood is called an isolating neighborhood.
(b) A Morse decomposition of I is a collection
where each M i is an isolated invariant subset of I and for all x ∈ I − n i=1 M i there exist i, j ∈ {1, · · · , n} such that i < j, α(x) ∈ M i and ω(x) ∈ M j .
In order to define the concept of index pair , we follow [13] and [15] . Given a compact pair (N, L), we define the induced semi-flow on N/L by
In [13] it is proved that ϕ t ♯ is continuous if and only if i) L is positively invariant relative to N, i.e.
ii) Every orbit which exits N goes through L first, i.e.
Definition. An index pair for an isolated invariant set I ⊂ X is a compact pair (N, L) in X such that N − L is an isolating neighborhood for I and the semi-flow ϕ t ♯ induced by ϕ t is continuous.
In [1] , [4] , [13] and [15] , it is shown that every isolated invariant set I admits an index pair (N, L) and the homotopy type of the pointed space N/L is independent of the choice of the index pair. The Conley index of I is the homotopy type of (N/L, [L]).
Now suppose that I is an isolated invariant set with an index pair (N, L). We define [4] and [15] .)
Proof. Since I is the maximal invariant set in N − L, then for every x ∈ A, there is
x ∈ A and the proof is complete. It also shows that (ϕ
for sufficiently large values of t.
Lemma 2.2. Let I be an invariant set with an index pair (N, L) and a Morse decom-
The reader is referred to [10] and [12] to see the proof of Lemma 2.2. Combining the above two results, we obtain N/L = (ϕ
Definition. An index pair (N, L) is called regular if the exit time map
is continuous. ( See [15] for more details about regular index pairs.) For every regular index pair (N, L), we define the induced semi-flow on N by
Now in Lemma 2.1, suppose that (N, L) is a regular index pair. Then for every
is a neighborhood of L for sufficiently large values of t and L is a deformation retract of (ϕ
Relative Category
Let X be a topological space. A subset S ⊂ X is called contractible in X if the inclusion map S −→ X is homotopic to a constant map. We say that X is semi-locally contractible if for every x ∈ X and open set U ⊂ X containing x, there exists a neighborhood V of x such that x ∈ V ⊂ U and V is contractible in U. (See [9] and [10] .) Theorem 3.1. Let ϕ t be a continuous flow on a semi-locally contractible metric space X and let I be an isolated invariant set such that ϕ t | I is gradient-like. Then for every
is a regular index pair for I, then ϕ t has at least ν H (N, L) rest points in I.
Proof. We may assume that ϕ t has a finite number of rest points x 1 , · · · x n in I. Since ϕ t | I is gradient-like, these rest points give a Morse decomposition for I. Since X is semi-
and U i is contractible in N − L. Now by Lemma 2.2, there are 
Moreover by the definition of ϕ t ♯ , each (ϕ
rest points in I.
Moreover if (N, L) is a regular index pair and U 0 = τ −1
is a deformation retract of U 0 and
The rest of this paper deals with the computation of relative LS category for a well-known index pair . Let π : E −→ B be an m-dimensional real vector bundle over a metric space B. Then E admits a Euclidean metric and we may consider the disk bundle D(E) and sphere bundle S(E). (cf. [7] ) We claim that
. We may assume that ν H (B) < +∞.
where α is a small positive number. Now V is contractible in D(E)/S(E) and each U i in contractible in
. We may assume that n :=
is a deformation retract of V and each U i is contractible D(E) − S(E) and n < ν H (B).
Thus [S(E)] ∈ U i and hence U i may be considered as an open subset of D(E) − S(E).
Since
π(U i ). Suppose the contrary and take
with coefficients in Z 2 . This contradicts the assumption that V is contractible in
. Following the above argument for cohomolog-
Example 3.2. Let π : E −→ B be a real vector bundle over a compact metric space B with ν H (B) < ∞. Suppose that (D(E), S(E)) is an index pair for a gradient-like flow ϕ t on E. Since ν H (B) < ∞, every x ∈ B admits a neighborhood U contractible in B.
It follows that π The above example has been considered by many authors. In [3] , Conley and Zehnder proved that g has at least cuplength(M) rest points. (See also [5] and [9] .) In [8] and [14] , it is shown that g has at least e 0 (M) and r(M) rest points respectively. The above example improves all these results and it is like the results in [2] and [12] .
